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SOME CONTACT PROBLEMS IN STEADY-STATE NONLINEAR CREEP IN
CASES WITH THIN COVERINGS

V. M. Aleksandrov and E. V. Kovalenko UDC 539.376

1. We shall first give some fundamental relations in the nonlinear theory of creep for
the case of plane deformation which are necessary for the rest of our discussion [1]:

40, 0Ty - Oy aa, 0 1.1
dx oy 0, 0z + ay (1.1
s, s, Py
Wt o wma

gx = A0T (1 — v) 0 — vOy ], &y = AT (1 — V) 0y — VO],

Yoy = A0] May  (m=1),

m=3%v%%—ﬂw+4a—w%—W%F+Kb—w%~www+&a,

where A is the creep modulus and v is the Poisson coefficient.

Now we consider the solutions of some problems in the equilibrium of a thin layerT
(Jz] << 00, 0 <Ly < k), whose physical and mechanical properties can be described by the system
of equations (1.1). Suppose that the boundary conditions on the faces of the layer have the
form

‘ Txy=0(y:O7y=h)7 Gy:“p*(x7 t) (y:h)9 (1-2)
prxt)=pt) (z|<a), p*=0 (|z[>a), v =DBo, (y=0).

Here t is time; v is displacement along the y axis; B is some linear operator whose form will
be indicated below, or

Tay = 0 (y = h), 0, = —p*(z, t) (y = h), (1.3)
u=0@y=0), v"=DBo, (y=0),

u is displacement along the x axis.

Taking account, furthermore, of the fact that the layer is thin, we see that instead of
the condition of compatibility of the rates of deformation defined by the third formula in
(1.1), we can take

Tay = 13(@) + ho(a). (1.4)

Then the approximate solutions of the boundary-value problems (1.1)-{1.4) can be written in
the form [2, 3]

Tay = 0x = 0, 6, = —p*(z, 1),
gy = — AL — V) [(1—~ 4 v?)B] V2 'p* (z, t) | sgn p* (2, t); (1.5
Or = — v (1 — V) 'p*(z, 1), 0, = — p* (2, ), Tuy =—v(1—v)7X
X(h—g) [p* (2, ), & = — A3S ™2 [(1 — 2v) (1 — v)']™ | P* (2, &) " sgm p* (2, 0)- (1.6)

$Z—layer will be considered thin if the length 2a of its actively loaded segment is small in
comparison with the thickness h.
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Using (1.5) and (1.6), we can satisfy the last boundary conditions of (1.2) and (1.3);
we will then have, respectively, for y = k and p*(x, t) =20:

v = —Ah(l — W[ — v + v2)/3Je-k [p*(z, Hlm —Blp*(z, O} (1.7

v = — AR (L — 2)(1 — V) Inlp¥(z, H]m —BlpHz, 0T (1.8)

2. Making use of the formulas of Sec. 1, we consider the following contact problem
concerning frictionless indentation by a force P(t) (the eccentricity of application of the
force is equal to e with respect to the center of the line of contact |x| <@ (Fig. 1)) into
the surface of a layer, lying on the hydraulic base (y<< 0), of a rigid die. Outside of the
die the surface of the layer is free of load, and by virtue of the contact condition for y =
h under the die )

v = —[8(t) + al)e — (@] (2l < a), (2.1)
where §{t) + a(t)x is its rigid displacement; f(x) is the shape of the die base. We shall
also assume that during the process of quasistatic indentation of the die into the layer
there is no break in the contact between its lower face and the liquid.

Using relation (1.7) and assuming that in this relation B = (pg)”™ ', since for the hy-
draulic base when y = 0, we have 0y = pgv (o is the density of the liquid, is the accelera-
tion of gravity), and also including in our calculation the fact that when |x|<C @, the func-
tion v is given by the relation (2.1) and p*(x, t) = p(x, t), we obtain an equation for
determining the contact pressure p(x, t):

rACIp(z, D™ 4+ (pg)plz, DI = &) + a(Dx (E>0), (2.2
(o) 1p(x, 0) = &§(0) + «(0)x — Hz) (@& =0),
C=(1—v){1 —v + v¥/3]m-vi2,

To Eq. (2.2) we should also adjoin the condition for equilibrium of the die:

—a

P(t)= ).p(x,t)dx, P)e = j zp(z,t)dz. (2.3)

In dimensicnless variables, taking account of the notation
za =1, eat =¢', A=haT}, ttgt =1, D = t,MAC (apg)™,
8(t)a=t = ('), ola', ') = plz, tYapg)~!, N(t') = P(t){(a*pg)—*

(to is the time scale, and the primes in x' and y' will be omitted from here on), formulas
(2.2) and (2.3) take the form

Dig@d]" +o @)=y @+ )z, 00 =70 +20z

1 ! ,
—f@LNUF:S@@ﬁithe=5$M%ﬂW' (2.
“1

-1
From this point on, we shall consider, without loss of generality, the case of a plane
die (a(t) = e = 0) and assume that in a neighborhood of t = 0 we are given an expansion for
the force

PO
o~
~—

Ny = Ny - Nyt + ... + Nypr -+ O +). (2.5)



« -2 N a ‘ ;
IHHHmHmlmHmﬁﬁH,x
| Fig. 2 o

From system (2.4) we must determine the functions ®(x, t) and y(t). We shall seek them
in the form

@@, 1) = Qoll + @it + oo 4+ utn + O )], g, = 7(0), (2.6)
V) = 8 at o ot s o pal® O, 8 = 3(0).

Substituting (2.5) and (2.6) into Eqs. (2.4) and equating in the resulting formulas the
terms on the left and right sides with equal powers of t, we obtain

‘P0=é_Nov (Pn=‘1§'(P;1Nn (n=1,2,...), 2.7

1 .
1= Dgg’ + 91 V2= 5 Dmeg' e + 05, - . .
Thus, formulas (2.6) and (2.7) define the asymptotic behavior of the solution of the problem
for small values of time.

Now suppose that we are given the expansion for indenting the force in a neighborhood of
t = «:
N(t) = Ny + Nye=Dt + ... + Npe-Dnt 4 O(e—Dlnt1)t), (2.8)
We shall seek the functions ¢:(x, t) and yv(t) satisfying the system of equations (2.4) in
the form
9@, 1) = gull + @D + ... + gue-Drt 4 Oe-DwiDt)], (2.9)
2(8) = it + %o + Bio—Dt + ... + Boe-Dnt - O(e-Det1) ],

Here we can approximately consider 70==€%A%4—:2 C%7Ag——ﬁﬂ . In addition, a more exact
=1

algorithm for determining yo will be described in Sec. 4.

Substituting (2.8) and (2.9) into (2.4) and equating the coefficients of equal powers of
e~Dt on the right and left sides, we obtain

@ = (1/2) Ngy @n = (1/2) 9" Ny (n=1,2,..-), (2.10)
1= De3, By = 01 (0 — M%), By = s (000 — (W/2) mgZ), ...
Formulas (2.9). and (2.10) define the asymptotic behavior of the solution of the above problem

for large values of time. It should be noted that when N = const, it follows that @ = (1/2)N,
vy = (1/2)N + D((1/2)N)me,

3. We consider the case in which a layer whose rheological properties are described by
Egs. (1.1) lies on a rod base(-l§;1/S;0) , which in turn is supported by a rigid base. In
other respects the formulation of the problem given in Sec. 2 remains unchanged.

The rod base for the case of plane deformation is described by the equation
u=0, v=0(y), ¢, =0, g, = Roy, vz =0, (3.1)
R=(1— 2p)[2q(1 — w1 op = w1l — w)loy, Ty =0, V' =0,

where q is the shear modulus and p is the Poisson coefficient of the rod material.
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From formulas (3.1) we find that when y = O,
v = Rlo,. (3.2)

If we now substitute into relation (1.8) when lx\sg a the functions p*(x, t) = p(x, t)
and v’ in the form (2.1) and set B = Rl in it, according to (3.2), we obtain the following
equation for determining the contact pressure p(x, t):

RACIp(z, )™ 4+ Rip(z, t) = 8(t) + () (¢t > 0), (3.3)
Rip(z, 0) = 8(0) + a(0)z — f(z) (t = 0), C = 30-m2[(1 — 2v) (1 — v)~ )™

To Egs. (3.3) we must adjoin the statics conditiomns (2.3).

Asymptotic solutions for the system of equations (3.3), (2.3) for small and large values
of time can be obtained according to the scheme described in Sec. 2.

Now we consider the case in which a thin layer lies on a two-layer base. This is (Fig.
2) an elastic layer (—H — I <Cy<{ —I) lying on a rigid base and covered with a rod layer
(—1<y<0). In other respects the formulation of the problems described at the beginning
of Sec. 2 is retained.

For an elastic layer in the case when it undergoes plane deformationt with y = —1, we
have [4]
_ 1 t—a (h  hl—0)@
v= 5] SGyly—lK( H )dg (e— 3 4a )7 (3.4)

-0

K (3) =TL(§)cosCzd§(z: 5;’”),

where G is the shear modulus and ¢ is the Poisson coefficient of the elastic layer.

It is known that: 1) the function L(Z) is continuous, real, and even on the real axis;

D LO>0 (J2] < oo);
3) LOL=AL+0E)EC~>0),LOt=1+0( %) g—>oo).

Taking account of the fact that Oy remains constant across the thickness of the rod
layer and making use of formula (3.1), we find for y = 0 that

(3.5)

v=Rlay+%e—lToyK(§;z)d§. (3.6)

As before, we substitute into the relation (1.8) when |xl5§ a the functions p*(x, t) =
p(x, t) and v’ in the form (2.1) and, according to (3.6), setting

B(...):Rz(...)+%e,—_f (...)K(—g—;i)dg,

in that relation, we obtain an integral equation for determining the unknown contact pressure
p(x, t) under the die:

hAC [p(z, )™ + Rlp (x,t)+;jgf p‘(‘é,t)K(E;x)dE @ +a Wz (Jz|<at>0, (3.7)

Rip@,0) + 5 | PEOK(EFE) & =0 +a Oz~ @) (jo|<a,t=0)

The constant C in (3.7) has the form (3.3). To Eqs. (3.7) we must adjoin the equilibrium
conditions (2.3).

Making Eqs. (3.7) and (2.3) dimensionless and introducing the notation of Sec. 2, in
which we need only replace pg with (RL)™', we have

+In (3.4) we have taken account of the fact that u = 0 on the upper face of the layer.

251



1
Dig(e "+ @0+ 2 (o @OE(STT) &=y )+ @ ©z ¢>0, (3.8
—1 .

9@ 0=2[ 0@ 0K(255)E=v0) +aO2—1@) ¢=0)

lz|<t, x—a(@R)™, A= Ha™,
1 1
N(ty={ o(@ tdz, Nit)ye= § zo(z,1)da.
-1

~1

4. Before proceeding to solve the system of equations (3.8), we note that by virtue of
the relations (3.5) and the results of [5], we can state the following:

1. The operator
1«.
=% E—=z
o =2 [ ok (i52) e 4. 1)
. 21
is a self-adjoint operator which is completely continuous and positive-definite and acts from

La{(—1, 1) into La(—1, 1).

2. If the function f(x) e L.(—1, 1), then the solution of the second equation in (3.8)
in the space Lo(—I, 1) exists and is unique for any values of the parameters %, AE(0, «).

3. The eigenvalues np of operator (4.1) are real and positive, and M =2 Mz 2= .- 2= Nn =
ey g vt Inn (o> ),

We construct the asymptotic solution of the system of equations (3.8) for small values
of time subject to the condition that for N(t) in a neighborhood of t = 0 we have the expan-
sion (2.5). From this point on we may, without loss of generality, consider the case of a
plane die (o = e = 0). We represent y(t) in the form (2.6), and we shall seek ¢(x, t) in
the form

oz, 1) = @) + 9u(2) £ +... + @u(@)t” + O(tntY), (4.2)
where @z) = @(z, 0) and is determined from the second equation in (3.8).

Substituting (2.5), (2.6), and (4.2) into Egs. (3.8) and equating terms on the left and
right sides that have equal powers of t, we obtain

1
[ on(@)de =No (n=0,1,2, ...), (4.3)
-1

1
2@+ @K E =y — Do @ (21<1),

2@+ 2 [ 0 @Kt =ri— 5 Dl (D @) (12| < D), ...

The integral equations of the second kind in (4.3), by virtue of the properties of oper-
ator (4.1), are Fredholm equations [6] and, when taken together with the second equation in
(3.8), serve to determine @pn(x)(n = 0, 1, 2, ...) on the assumption that the yp are given.
The latter can then be determined from the integral relations (4.3). Approximate solutions
of the integral equations can be found, for example, by the method of [5].

Now we construct the asymptotic solution of the system of equations (3.8) for large
values of time, subject to the condition that for N(t) in a neighborhood of t = « we have
the expansion (2.8). As before, we consider as an example the case of a plane die {a = e =
0). We represent y(t) in the form (2.9), and we shall seek ®(x, t) in the formt

Pz, 1) = @ull + g(z)e~Dt + ... + @ (z)o-Dnt -+ O(e~Din+1))], (4.4)
+This structure of the solution is based on a report by V. M. ‘Aleksandrov and E. V. Kova-
lenko: 'Contact problems in the theory of elasticity in the case of nonlinear wear,'" in:

Contact Rigidity in Instrument-Making and Machine Construction [in Russian], Riga Polytechnic
Institute, Riga (1979).
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Substituting (2.8), (2.9), and (4.4) into the system of equations (3.8) and equating in
the relations so obtained the coeff1CLents of equal powers of e”Dt on the left and right
sides, we find 1

1 { .
ex =g Ny gu | u(z)de=Na (n=1,2,...), Dols =1,
—1 (

I~
(W]
S

3
=020 )+ & [ 0@ K (ET) e = o (=l<),
)

1

(1= Lm0+ 2 | @ K(E52) @ = oo + fram— g7 () (2] <0), ...

The Fredholm integral equations of the second kind in (4.5) serve to determine the §p(x)
(n =1, 2, ...) on the assumption that the Bp are given. The latter can then be determined
from the integral relations in (4.5). Approximate sclutions of the integral equations (4.5)
can be found, as noted earlier, by the method of [5].

Now we shall assume that there exists a value t = T such that @iz, T) = ¢_(z, T}, where
¢+ (x, t) are the contact stresses obtained for large and small values of time, respectively,
by formulas (4.2) and (4.4). Then we also have y+(T) = v_(T), from which we can determine
the constant vo in {2.9).

It should be noted that in a number of cases it is scmetimes more useful to work with
another algorithm for constructing the solution of the system (3.8) for large values of time.
We shall describe this algorithm for the case N = const.

We represent y(t) in the form

—(By+Oy)t

v(t)=?1t+vo+k§1e +2 Emn 4. (4.6)

k=1 n=1

The specification of v(t) in the form (4.6) is justified by physical censiderations aud is
based on the above-mentioned report by the authors.

We shall seek a solution of the integral equation (3.8) in the form

oz, 1) = 9{l + @z, B F oo + @alz, 1) + olon(z, D1} 4.7
Now, using an analog of Newton's method [6}, we obtain
Dope = 43 (4.8)

1 o
Dngs gy (@) + 0 (2 ) + 5 | oi 6o k(25 ar = ———cp;lkz Bre (2 < ), (4.9)
—~1 ) ==1

m—1

Dmoz™ [% (z,1) + @1 (z, t)] + 92 (2, 1) +

oo

)d’é-:——cpm bl Z G (00 - 8) €~ 21y,

k=1m

1
= wenx(s

We represent the solutions of the integral equations (4.9) in the form

=3

—8t R (B0t
(pl(x7t)=’§1$h(x)e k: ‘pz(xvt):kz_]lnglshﬂ(x)o n)’ (4.10)

Then, after some obvious transformations, we can write

1
;—Xsn(‘é)K(gzx)dE:ansn(x)—{-(p;l (z|1<1), 4.1
-1
1
“ (. . —
7 ) s 4 = cnsin (2) + "5 (1 + 0a) 51 (@) 50 (0) + ¢ Ten (2] <)
—1
B Dmg™ ™t — 3§, Oyl — 1
Uy == ——-—r" s Gpn == :,T_—y-’;;;
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Tt should be noted that by virtue of the above-mentioned properties of the operator M,

Eqs. (4.11), for almost all ok(k 1) and AS(0, «), will be uniquely solvable in L:(~1, 1).
Furthermore,

1 o0 0 .
Vel g@de= Nyt DN, 1 3 3 Ny Ot 4.12)
] n=1 k=1 n=1

1

«\ == 2000, N = Quo Jl Sp(z)dr =0, Ny = @oo ‘S spn (2) dzy . ..

-1

We shall seek the solutions of Eqs. (4.11) in the form of Fourier series in an ortho-
normal system of Legendre polynomials:

s(@) = V2 m;‘i AP @), P = V2 Pata), (4.13)
n=0
sin (@) = 205 3 VP @)
If we also take into account the equations
k(835) = }_‘zez, (A) P ) Pl ), (4.14)
=0 j=0

5 () Sn 1) 2 rl;an (=)

(the form of the coefficients eij(A), r?n is given in [5]), substitute (4.13) and (4.14) into

(4.11), use the condition of orthogonality of the Legendre polynomials, and equate in the re-
sulting relations the coefficients of the right and left sides for polynomials with the same
number, we obtain

—-Zez,(&)a,«akalwﬁw (i=0,1, ...) (4.15)
=0
- ' 1
"Eew(A)b _aknbkn__m 1(1+a,,,,)r1 ﬂ-rpmﬁﬁknﬁm (4.16)
j=0
(=0,1.2,...)

where Sij is the Kronecker delta.

It should be noted that, by (4.12) and (4.13), =0, b¥" = 0 (k, n >=1). These condi-
tions serve to determine the unknown quantities 5n, Ckn- To see this, we observe that from
(4.15) we have a% = A,A"}, where A is the fundamental determinant of the system (4.15) and 4,
is an auxiliary determinant obtained from A by replacing its first column with the elements
{1, 0, 0, ..., 0, ...}. The determinant A, is symmetric, and therefore its roots oj 4 =1,
2, ...) are real. Furthermore, taking into account the results of [7], we can assert that
Nzj42 < @f < N2y, where nj are the eigenvalues of the integral operator (4.1). This provides
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Fig. 4

the justification for the structure of the solution (4.6), (4.7) of the integral equation
(3.8).

Now we shall show that the condition b%n = 0 serves to determine uniquely the value of
Txn in (4.6). From the system (4.16) it follows that pED = AsAzh, where A; = det [wn™'eijf(A) —
aknéij] and As is an auxiliary determinant of the system (4.16) obtained from the fundamental
determinant A, by replacing the first column with the elements (m — 1}27°(1 + akp) {r%n +
V2ekn(m — 1)™1 (1 + akn)‘l,‘rgn, rknooL r?n, ...}. Obviously in order to select f[kpn uni-
quely from the condition bg™ = 0 we must have a determinant A, = det {#7” 'ejj(A) — akndijl
(i, j 2 1) which is different from zero. It is not difficult to see that A, has the same
structure as A;, in which instead of the elements xﬂ“leij(A) — aydij we have Kﬂ—leij(A) -
agpdij. Assume that A, = 0: then from the condition a; = 0 it follows that akn= ap, and
hence a = =3 (n 221). But this is impossible, since ap > 0 ‘n 22 1). Consequently A, 70,
and the condition b%ﬂ = (0 serves to guarantee a unique choice of zkp in (4.6).

Having determined the numbers op, {kp in this manner, we next find the values of aji,

n ) .
bj from the inhomogeneous systems (4.15), (4.16) and comstruct the functions s,u(x), syn(x).

1t should be noted that these systems, by virtue of the properties of the operator M and
Hilbert's theorem [6], are uniquely solvable in the space of square summable sequences 7,
for any values of the parameter A€ (0, =), and the method of reduction can be used for solv-
ing them.

The constant yo in (4.6) is determined, as above, from the condition y4(T) = v_(T).

5. We give a numerical illustration of the proposed algorithms by using the example of
the second problem in Sec. 3. Suppose that the lower elastic layer is rigidly fixed to the
base [4]

I 2msh2u — 4u 3
W) = onehza 11 @ adp 1=3—40, (5.1
and the force impressing the die is constant with respect to time, N = 1. Then in the expan-

sions (4.3) and (4.5), respectively, we have
No=1, @ =1/2, N, =0
(n=1,2,...)
In (3.8) and (5.1) we set D=1, ¥ =7, A =1, ¢ = 0.3.

In the asymptotic expansions for @(x, t), (4.2) and (4.7), we retain only the first two
terms. The law of distribution of the contact normal stresses §(x, t) as a function of x
and t is shown in Fig. 3 (m = 1.5, with curves l-4 corresponding to t = 0, 3, 9, and =) and
Fig. 4 (m = 2, with curves 1-5 corresponding to t = 0, 1, 2, 10, and »). It should be noted
that the asymptotic expansion (4.2) for @ (x, t) constructed for sufficiently small values of
time coincides with the corresponding asymptotic expansion (4.7) constructed for sufficiently
large values of t when T = 8 in the case m = 1.5 and when T & 8.5 in the case m = 2. TFurther-
more, a numerical analysis of the problem showed that for m = 1.5 and m = 2 and equal values
of x and t, the values of ¢ (x, t) differ from each other by no more than 5-67%.

To determine the constant v in formula (4.6) we use, as noted above, the condition
Y4+(T) = y_(T). We shall have for m = 1.5 and m = 2, respectively, the values vo = 1.483 and
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Yo = 1.577. TFigure 5 shows the law of distribution of y(t) as a function of t when m = 1.5
and 2 (curves ! and 2, respectively). It should be noted that this function is almost linear.
In addition, the set under the die will be larger for lower nonlinearity indexes m if other
conditions are equal.
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NUMERICAL ASYMPTOTIC SOLUTION OF STRENGTH AND VIBRATTONS
PROBLEMS OF THIN SHELLS OF REVOLUTION

S. V. Stepanenko UbC 539.3

For thin shells of revolution whose middle surface has a nonnegative Gaussian curvature,
a numerical analytical approximate solution is constructed for the class of linear boundary-
value problems allowing of separation of variables.

It is known that the solution of each such problem decomposes into a slowly varying part
and a solution of edge effect type. On this basis, a method of construction the approximate
solution of the problem is proposed in [1, 2], where it is proposed to seek the slowly vary-
ing part of the solution by a numerical method, and the edge effects by an asymptotic method.
On the basis of this method, an algorithm is comstructed in this paper, which can be applied
to a broader class of problems as compared to [1] because of utilization of the method of
elimination in the boundary conditions [3]. As an illustration of the method, solutions are
presented for a number of strength and vibrations problems for shells of different geometries.

1. Many strength and vibration problems for elastic shells of revolution reduce to
seeking solutions of a particular kind

ug" = exp (lomt + inz,) Jg" (1), a.n
wmr = exp (lop,t + inxz)Wm” (z1).

Here t is the time; x;, Xz, orthogonal coordinates of the shell middle surface; i = /:i; Wy s
real integers; and m and n, integers, the subscript o takes on the values 1| and 2; uy, uz2, w,
displacements in the x;, x, directions and along the external normal. The well-developed
apparatus of shallow shell theory [4] can be applied to describe solutions of the form {I.1)
with n 22 4. In the absence of tangential components of the surface forces, a force function
9(x;, X2, t) is introduced. By virtue of (1.1) we will have

9™ (21, Fp,t) = 6xp (0,0 + inzYD™ (). (1.2)

The system of governing equations of shallow shell theory after making the system operators
dimensionless and substituting functions from (1.1) and (1.2) becomes
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